Introduction
One of the important concepts related to the geometry of the maximal ideal space of a uniform algebra is the notion of Gleason parts. These equivalence classes are candidates of maximal sets carrying analytic structure. The resulting partitioning has important analogy in the set of representing measures in terms of band decompositions. For algebras of analytic functions on an open set Ω ⊂ C n its connencted component is entirely contained in one Gleason part due to Harnack's inequalities. In [6] we have studied weak-star closures of such parts in the second dual A * * of a quite general function algebra endowed with the Arens product. Such closures are related to the band structure of representing measures. Here the singularity with all (resp. absolute continuity w.r. to some) representing measure tells us whether two points of the spectrum are in different parts (resp. are in the same Gleason part). Our interest in the bidual algebras with their Arens product originates from an abstract method of passing from A = A(Ω), the algebra of analytic functions on a domain Ω ⊂ C n having continuous extensions on Ω to the algebra H ∞ (Ω) of all bounded analytic functions on Ω. There is an isometric isomorphism between a quotient algebra of (A(Ω)) * * and H ∞ (Ω). Our main result says that the canonical embedding map j : A * → A * * * sends Gleason parts of A to Gleason parts of A * * . An essential tool employed in the present note is another equivalence relation introduced by H.S. Bear in [1, 2] . This relation is defined in the set of positive linear functionals assuming value 1 at 1.
Preliminaries
Given a compact Hausdorff space X, we consider a closed unital subalgebra A of C(X) separating the points of X (a uniform algebra on X). By M(X) we denote the space (dual to C(X)) of complex, regular Borel measures on X, with total variation norm.
Without loss of generality, we further assume that X is the entire spectrum Sp(A) of A, so that any nonzero multiplicative and linear functional on A is of the form
The second dual of A, endowed with Arens multiplication ,,·" is then a uniform algebra, denoted A * * and its spectrum will be denoted by Sp(A * * ). Note that that Sp(A * * ) includes a quotient space of Y where Y := Sp(C(X) * * ) is a hyperstonean space corresponding to X. Here one should bear in mind the Arens-regularity of closed subalgebras of C * algebras, so that the right and left Arens products coincide and are (commutative) w-* continuous extensions to A * * of the product from A. There is a natural decomposition of Sp(A) into Gleason parts -the equivalence classes under the relation φ − ψ < 2
given by the norm of the corresponding functionals φ, ψ ∈ Sp(A) (see [4] ). By j we denote the canonical embedding of any given Banach space B into its second dual. Also we use the symbol B * + to denote all non-negative linear functionals on B in the case of real Banach function spaces B ⊂ C(X). Let us also denote by T B the "state space"
In what follows we use natural projection π :
This notation is justified if one considers A as a subalgebra of A * * and Sp(A) as the set {δ x : x ∈ X}. For any set G 1 ⊂ A * we identify G 1 with j(G 1 ) and then we can consider the following two weak-star topologies on it: σ(A * , A) and σ(A * * * , A * * ) as well. These topologies actually coincide on conv(G). Before passing to the proof we need the notion of what we call BG-parts containing x 0 ∈ B * + introduced by H.S. Bear [1, 2] for a real function space B. Denote here by {x 0 } the Bear-Gleason part containing the point x 0 . Namely, let
This set corresponds to the Gleason part G of x 0 ∈ Sp(A) when B = Re(A) in the following sense:
Also any Gleason part G of A is contained entirely in exactly one BG-part of B = Re(A). This allows us to simply denote by G the BG-part containing any point x 0 ∈ G for a Gleason part G of Sp(A). Since the above characterisation of BG-parts as equivalence classes is stated in metric terms, the isometry of j implies that
Another important feature is the convexity of G (as a minimal face of T B , [1] ).
Topologies on Gleason parts
Theorem 2.1. Any BG-partĜ of A isČech -complete in the w * -topology.
Proof. The intersection of the non-negative closed convex cone B * + of any dual Banach space B * with its closed ballB(x 0 , r) denoted here by B + (x 0 , r) is weak-star compact. Here we shall consider either B * = A * or B * = A * * * . Since ℜA, the real part of A separates the points T B , the σ(B * , B) -topology is equal on T B to σ(T B , C(T B )). By [2] , the BG-parts are complete in one of the equivalent metrics, henceČech -complete in the norm topology of B * so it is a G δ -set in its compatification βĜ. Hence for some closed sets F n one has
Since any bounded continuous function u onĜ extends uniquely by continuity to u ∈ C(βĜ), the topology of this compactification is stronger than σ(βĜ, C(βĜ)) -topology. The compactness of F n in this weaker (yet Hausdorff) topology implies their closedness. Hence βĜ \Ĝ is also F σ in the σ(βĜ, C(βĜ)) -topology. This implies theČech -completeness ofĜ in the w * -topology.
By conv E we will denote the convex hull of a set E. Since j(conv G) is the smallest convex set containing j(G), we have conv j(G) = j(conv G).
We have the following Proof. Let x 0 ∈Ĝ be arbitrary. By the previous Lemma,Ĝ is a second Baire category set. We also haveĜ
Hence at least one of the summands, say B(x 0 , r) contains a nonempty w-* interior point y 0 . It turns out, that we may take x 0 = y 0 , so the centre of the ball is in its w*-interior. Indeed, take a weak-star neighbourhood U of y 0 contained in B(x 0 , r) and extend the segment [x 0 , y 0 ] slightly through the point x 0 , (which is possible due to the geometric characterisation in [1] of BG-parts)-to a segment [y 1 , y 0 ] ⊂Ĝ. That is, for some 0 < α < 1 we have x 0 = αy 1 + (1 − α)y 0 and [y 1 , y 0 ] ⊂Ĝ. Let us define ψ(y) = αy 1 + (1 − α)y. Then ψ(y 0 ) = x 0 and, by convexity, x 0 ∈ ψ(U) ⊂ B(x 0 , r) and ψ(U) ⊂Ĝ, while by the homeomorphic property of ψ, the set ψ(U) is w*-open and contains the centre of B(x 0 , r). But the balls are homeomorphic, so any neighbourhood in the norm topology restricted toĜ of a point x 0 ∈Ĝ contains a w-* neighbourhood of that point. This implies that the weak-star and the norm-topologies induced from A * on G coincide. The norm remains unchanged due to the isometry, so the transported from σ(A * , A) topology (i.e. σ(A * * * , j(A)) agrees with the norm topology of A * * * restricted to j(Ĝ). The σ(A * * * , A * * ) -topology lies between these two in the sense of inclusion of the open sets families, implying the last claim.
Embedding of Gleason parts
We use the standard notation E ⊥ for the annihilator of a set E ⊂ C(X) consisting of all µ ∈ M(X) satisfying f dµ = 0 for any
is called a band of measures, if µ ∈ M holds for any measure µ absolutely continuous with respect to some measure ν ∈ M. Then the set M s of all measures singular to all µ ∈ M is also a band, forming a direct-ℓ 1 -sum decomposition: M(X) = M ⊕ 1 M s . We denote the corresponding Lebesgue-type decomposition summands by µ M and µ s , so that
A reducing band is the one satisfying µ M ∈ A ⊥ for any µ ∈ A ⊥ . By a representing measure for φ ∈ Sp(A) = X we mean a nonnegative measure µ ∈ M(X) such that
In what follows we mainly consider representing measures µ ∈ M(Y ) for φ ∈ A * * . Denote by M G the smallest band containing all representing measures for a (nontrivial) Gleason part G. By j we denote the canonical embedding of any given Banach space into its second dual. Theorem 6 of [6] asserts that the weak-star closure (in σ(C(X) * * * , C(X)
ws is a reducing band satisfying
with its singular complement (j(M G ) ws ) s equal to j((M G ) s ) ws . Corollary 7 in [6] identifies the projection associated to this direct sum decomposition of M(Y ) as the Arens multiplication by some idempotent element F 0 ∈ A * * , so that for any µ ∈ M(Y ) we have
It seems worth mentioning that such idempotents were obtained in a different way by Seever [7, Proposition 3.5] . Lebesgue-type decompositions with respect to bands of measures, both ν a and ν s are nonnegative and if both were nonzero, then we would have ν a < 1. Let F 0 ∈ A * * be the idempotent related to the w*-closure of j(G) (see [6, 7] ). If both ν a , ν s were nonzero, we would have 0 < F 0 (z) < 1 since F 0 (z) = F 0 dν and F 0 | M s G ws ≡ 0. But this leads to a contradiction with the fact that F 0 is an idempotent.
If we would have two representing the point z measures ν 1 ∈ j(M G ) ws and ν 2 ∈ j(M s G ) ws then ν 1 − ν 2 would annihilate A * * . Since j(M G ) ws is a reducing band, the measure ν 1 as a summand in the decomposition of ν 1 −ν 2 should be also annihilating, which is not true for representing measures. 
